Ray class fields of conductor pOx 



Maria Elena Stadnik t 
Northwestern University 



Contents 

1 Introduction 

2 Description of problem 2 

2.1 An equivalent condition on the map tp p 2 

2.2 Restrictions on the field K 

3 Reformulation of the problem 4 

3.1 Transition from ip to <pi for primes l\p — 1 4 

3.2 Transition from <pi to Frobenius elements 

4 Conjectural density 

4.1 Example: Conjectural density in biquadratic fields 



5 Multiquadratic fields 

5.1 Determination of the map ip at I = 2 11 

5.2 An equivalent condition on Frobenius elements for 1^2 [13 

6 Application of analytic number theory [" 

6.1 Classical argument 14 

6.2 Completion of proof using the generalized Riemann hypothesis [17 

7 Determination of multiquadratic fields with units of norm -l El 

7.1 Quadratic and biquadratic fields 24 

7.2 biquadratic fields 25 

7.3 Higher degree multiquadratic fields 26 

7.4 Conjectures for multiquadratic fields of class number 1 [27 

8 Acknowledgments l28l 

Abstract 

We prove that (under the assumption of the generalized Riemann hypothesis) a totally real mul- 
tiquadratic number field K has a positive density of primes p in Z for which the ray class field of 
conductor pOn has an explicit description as the Hilbert class field H of K adjoin the real number 
C?> + CfT 1 if and only if K contains a unit of norm —1. 
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1 Introduction 



In 1927, Emil Artin [ll conjectured that for any integer a not equal to ±1 or a square, there is a positive 
density of primes p for which a is a primitive root in F* . In 1967, Hooley [4] proved that this density exists 
and is positive if the generalized Riemann hypothesis is true. Since then, many authors have adapted 
the analytic methods of Hooley to various settings, including Cooke and Weinberger [2], Weinberger [17] . 
Lenstra [TU], Murty [12], and Roskam [13], [2]. ^ n this paper, we adapt the techniques of Hooley to prove 
the following theorem. 

Theorem 16.131 Let K be a totally real multiquadratic field, let H be the Hilbert class field of K , and 
let Cp denote a primitive p th root of unity. The generalized Riemann hypothesis implies that there is a 
positive density of primes of K for which the ray class field L p of conductor pOx equals H(£ p + Cp 1 ) if 
and only if K contains a unit of norm — 1 . 

As an example, consider the field K = Q(v5 ; vl3), which satisfies the hypotheses of the theorem and 
has Hilbert class field H = K . Then the conjectured density of primes for which the ray class field of 
conductor pOx is equal to K(Cp + Cp 1 ) is computed in this paper to be 

in( 1 -pra( 1 -^))~'"" 1 ™"- 

Using a computer, we found this density to be very close to the actual density among the first two hundred 
thousand primes, which we computed to be 

0.05176. 

We also consider the related problem of determining which multiquadratic fields contain a unit of norm 
— 1. We prove the following theorem. 

Theorem 17.91 if if = Q(^/d~i, . . . , \/d m ) is a multiquadratic field of degree n — 2 m , in > 3 and the class 
number of K is odd, then K contains no unit of norm — 1. In particular, for such K, L p ^ K(Cp + Cp 1 ) 
for any p. 

In Section [2] we describe the problem and deduce necessary conditions on the multiquadratic field 
K. In Section |3Jwe reformulate the question into a question about a set of Frobenius elements in field 
extensions Ki/K as / ranges over all prime numbers. In Section |||we compute the conjectural density 
and prove it is non- vanishing for multiquadratic fields containing a unit of norm — 1. In Section [5] we 
turn our attention to multiquadratic fields and further reformulate the question. In Section [5] we adapt 
the techniques of Hooley to prove the theorem for multiquadratic fields. In Section [TJwe determine which 
multiquadratic fields fulfill the necessary conditions we deduced in Section [5] 

2 Description of problem 

2.1 An equivalent condition on the map ip p 

Let if be a Galois extension of Q of degree n, H the Hilbert class field of K, and Ck the class group 
of K, so Ck — Gal(H/K). Let Ok denote the ring of algebraic integers of K, and let O k denote the 
group of units of Ok , which we usually refer to as units of K. For a prime p € Z which splits completely 
in K, consider the ray class field L p of K of conductor (p) = pOk- The corresponding ray class group 
RC(p) = Ga\(L p / K) of L p /K fits into the exact sequence 

O k A {OkIpOkY — > RC{ P ) — > C K — > 1. 
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When the prime p is understood, the subscript p will be suppressed. From exactness, the size of the group 
RC{p) is \RC{p)\ = \C K \ [{Ok/pOkY ■ ip p {0£)]. Let C P denote a primitive p th root of unity and let 
(p = ( P + Cp 1 € M; notice H((+) is an Abelian extension of K which is ramified only at primes dividing 
pOr, and so H((+) C L p . 

Proposition 2.1. For a prime p completely split in K, L p = H((+) if and only if the image of tp p has 
order 2 (p - l)"" 1 . 

Proof. Since p splits completely in K/Q, (Ok/pOk) x — IliLi by the Chinese remainder theorem. 

(n — 1 ) n (r> — 1 "l" 

Thus |i?C(p)| = |C g | , t^TI and I 7 ™#p)I = 2 (P- i)™" 1 if and onl y if |£C(P)I = l<V 



IC 



K 



iP- 1 



or equivalently [L p : i\T] 



1^(^)1 

: if]. Since if(Cjj~) C L p , this happens if and only if 



#(C+) 



□ 



2.2 Restrictions on the field K 

Not every Galois number field K will have ray class field L p = H((+) for infinitely many primes p. We 
first investigate which number fields K we should consider by deducing necessary conditions on K for 
such an infinite family of primes to exist. The next proposition proves that K must be a totally real field. 

Proposition 2.2. If K is a number field such that L p = H((+) for infinitely many primes p split in K, 
then K is a totally real number field. 



Proof. Suppose K has signature (r, s) and L p = H((+) for infinitely many primes p split in K. Let t be 
the rank of so that 0\ = Z* (0^)tors, and let m = |(£>£) t ors| < oo. has rank t = r + s - 1 
by Dirichlet's unit theorem. By assumption we may consider a prime p > m + I completely split in K for 
which Lp = H{Q+). Since ip p is a map of Z— modules, the maximal size of the image of ipp is m(p — 1)*, 
so m(p — 1)* = 2(p — l)" -1 . Since m < p — 1, equality holds if and only if £ = n — 1. Hence if the map ipp 



has order 2{p — l) n , 0^- must have rank t 
We also have the following result. 



1. 



□ 



Proposition 2.3. If K is a number field for which there is a prime p in Z with L p = H((+), then K 
contains a unit e of norm N^e = — 1. 

Proof. From class field theory, the above sequence fits into the top row of the following commutative 
diagram with exact rows: 



K : 



(OkV 



{Ok/pOkY 



RC(p) 



V-' 



Z> 



(z/pzy 



(Z/pZ) x /±l 




Here the second row is the exact sequence for the ray class group of Q of conductor p. The first vertical 
arrow is the norm map on elements from K to Q, and the third vertical map M is the norm map on ideal 
classes from K to Q. The second norm map N is the product map given by (oi, a 2 , . . . , a„) i — > a\a 2 ■ ■ ■ a n . 
This map is clearly surjective, and so | ker(iV)| = (p — l) n_1 . 

Suppose that every unit e of K had norm Nq (e) = +1. Since the first box of the above diagram 
commutes, i o N^{0^ ) = +1 = N o ip p (0*), and so ip p ((D*) C ker(TV). | ker(iV)| = (p - l)"" 1 , so the 
size of the image of ip p can be at most (p — f) n_1 < 2(p — l) n_1 . Thus the image of ip p cannot have order 
2{p - I)"" 1 and so L p ^ H{(+). ' □ 



3 



3 Reformulation of the problem 

Assume K 7^ Q is a totally real Galois number field containing a unit of norm — f . Let G = Gal(if/(Q)) 
and n = \G\ = [K : Q}. We also assume that the field K satisfies the following condition: 

(Gl) If l\n, then there is a unit e ( e such that gcd : Z[G] ■ q] ,l) = 1. 

Throughout this section, fix a prime peZ which splits completely in K/Q, and let {p = pi,p2, --^Pn} 
be the set of prime ideals of K lying over p. 

3.1 Transition from ip to <pi for primes 1 

The prime p is completely split in K and G acts transitively and faithfully on the set {p = pi, p2, • • • , pn} 
of prime ideals of K lying over p, so for each 1 < i < n, there is a unique g = gi e G such that <?i(p) = pi. 
Define <fr to be the composition 

n n 

Ol % {Ok/pOkY ^ RiPx/pi)* ^ ^ Z/(p- 1)Z[G], 

i=l i=l 
n 

MH- (a* 1 ,..., a*") =: 4>(u) 



i=l 



N 



where a is a choice of a generator for F*. Consider the kernel of the composition (Ok/pOk) x —> ^£ —> 
F* / {±1}. Since every element of has norm ±1, we see that the image of ip lies in this kernel. The kernel 
is isomorphic as a G-modulc to the additive module / = ker(Z/(p-l)Z[G] -> Z/(£=±)Z) C Z/(p-l)Z[G]. 
Thus the image of cj> lies in /. Notice |/| = 2(p — and \Im(ip)\ = \Im((f>)\. 

Proposition 3.1. The image of the map tp has order 2(p — if and only if for all I prime there is 

an isomorphism o/F;[G] — modules 0^/(0^) 1 I /II. 

Proof. Suppose the image of ip has order 2{p — Since 2(p — = |7|, <j) '■ — ^ is an epimor- 

phism on to I. For any l\p — 1, tensoring this map with Z/ZZ gives an epimorphism of F; [G]— modules 
Ok/(°k) 1 -*I/U- Both 0*/{0*) 1 and I /II are F Z [G] -modules of rank n- 1 if / ^ 2 or F 2 [G]-modules 
of rank n if I — 2, so this map must be an isomorphism. If I \p — 1, then both and I /II are 

and the map is an isomorphism. 

Now suppose for every I prime there is an isomorphism 0^-/(0^-) 1 —> I /II. Let M denote the cokernel 
M = I/(J)(Ok); we show M — by showing for any I, the localized module Mi = 0. By definition, the 
sequence 

O* A I -> M -> 

is right exact. Since localization and tensor product are right exact functors, the sequence 

^/K) 1 -> W -> Mi /I Mi -> 

is also right exact. By assumption the first map in this sequence is an isomorphism, so by exactness 
Mi/lMi = 0. By Nakayama's lemma, this implies M; = 0. □ 

J fits into the exact sequence of Z— modules 



— ► / — ► Z/(p - 1)Z[G] ^ z/(?-i)z 
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where Tr denotes the trace map that sends an element o, g [g] to a g e Z/ ^ - - ^ Z. Let 



sec 9 GG 

Z/(p - 1)Z[G] and let N = Z/ ( ^— — ) Z; the above exact sequence becomes 



M 



Let Bi ={x = Y: Xifa] e IF; [G] : £2^ = 0} C F,[G]. 
Proposition 3.2. 7/Z7 = Bi if I ^ 2. 

Proof. Applying ®zZ/ZZ to the above sequence, we have from the long exact sequence of Tor: 



-> Tori (7, Z/ZZ) -> Tori (M, Z/ZZ) -> Tori (JV, Z/ZZ) -> 7® Z/ZZ -» M <g> Z/ZZ V N ®Z/IZ -> 0. 

Notice Tori (7, Z/ZZ) = (Z/ZZ)™- 1 as Abelian groups; since Tori (M, Z/ZZ) = Z/ZZ[G] and Tori (-ZV, Z/ZZ) = 
Z/ZZ, the map between them is an epimorphism. By exactness, this implies that the tail of the long exact 
sequence becomes the short exact sequence 

-> 7/Z7 -> Z/ZZ[G] ^ Z/ZZ -> 0. 

Thus I/U<*{x = Y,Xi[9i] G F, [G] : J>i =0}. □ 

Proposition 3.3. /aj 7/p = 3 mod 4, Z/ien I/2I = F 2 [G]. 

7/p ee 1 mod 4 and |G| is odd, Z/ien 7/2/ F 2 [G]. 

fcj 7/p = 1 mod 4 and |G| is even, ZZien 7/2/ is not isomorphic to F 2 [G]. 

Proof, (a) : Suppose p = 3 mod 4. Applying <g>zZ/2Z to the above sequence, we have from the long exact 
sequence of Tor: 

0->Tori(J, Z/2Z) -> Tori(M, Z/2Z) -> Tor^iV, Z/2Z) — >■ 7 ® Z/2Z — >■ M ® Z/2Z N <g> Z/2Z -> 0. 

Now, since p = 3 mod 4, both Tori(Z/(2=i)Z, Z/2Z) = and Z/(^-)Z <g> Z/2Z = 0. This long exact 
sequence then becomes the shorter sequence 

0^7/27 ^ 2Z M®Z/2Z^0. 

Hence there is an isomorphism 7/27 = M ® Z/2Z. Since M ® Z/2Z = (Z/(p - 1)Z[G]) <g> Z/2Z = F 2 [G], 
we see 7/27 = F 2 [G] when p = 3 mod 4. 

(6), (c) : Suppose p ee 1 mod 4. As an Abelian group, 7 = (Z/(p - 1)Z)™- 1 © Z/2Z, and so 7/27 is a 
rank n module over Z/2Z. 

Let d be such that 2 d ||p - 1; note d > 2. Define T = kcr(Z/dZ[G] -> Z/(2 d - 1 )Z), and define a 
G— module homomorphism (5 : 7 — > T by reducing coefficients of elements of 7 mod 2 d and acting by the 
identity on elements of G. Then one can use the generalized Chinese remainder theorem to prove this map 
is an epimorphism. Tensoring with Z/2Z we obtain a G— module epimorphism 7/27 -» T/2T between 
G— modules over F 2 of the same rank. Thus S (g> Z/2Z is an isomorphism of G— modules, so 7/27 = T/2T 
as F 2 [G]— modules. 

First suppose |G| is odd. Notice every element in T can be written as 2 d ~ 1 (3 + £" = i a i[Si]i where 
£" =1 a t ee mod 2 d . Let a = (2 d - 1 - |G|)[ ff i] + £™ = i[ffi] e T ; thcn for an y g G > & a = a + t 2 ^ 1 - 
|G|)([5j] — [51])- Since 2 d ~ 1 — |G| is odd by assumption, so we see that the set {gjce — a}" =1 generates 
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all elements ^™=i a i[9i] with X)"=i °j = mod 2 d in T/2T. Since a itself has trace 2 d_1 , we see that a 
generates all of T/2T as a G— module. Thus T/2T is cyclic as a G— module; since it is of rank n, it must 
be isomorphic to Fa[G]j and thus also 1/2 1 = FafCr]. 

Now suppose |G| is even. The element a lies in the G invariants of T/2T since for any <?j £ G, 
9j a -a = (2 d - 1 - |G|)([gj] - [51]) G 2T. Since also 2 d ~ 1 [g 1 ] lies in the G invariants of T/2T, the G 
invariants of T/2T is at least 2— dimensional over F2. Since the G invariants of F2[G] is 1— dimensional, 
we see that T/2T is not isomorphic to F2[G] as G— modules. Since I/2I = T/2T as G— modules, we 
conclude I/2I is not isomorphic to Fa[Gr] as G— modules. 

□ 

For any Z (except Z = 2 when |G| is even), let </>; denote the composition of <j> with the map to F;[G] 
obtained from the previous propositions. Explicitly, this map is simply reduction mod Z of the coefficients 
ti of elements of Z/(p — 1)Z[G]. By Proposition 12.11 and the previous three propositions, we deduce the 
following theorem. 

Theorem 3.4. If p = 3 mod 4 or if p = 1 mod 4 and \G\ is odd, then L p = H(^) if and only if the 
image of <pi equals Bi for every l\p — 1, I += 2 and the image of 4>2 is all o/F2[G]. If p = 1 mod 4 and 
|G| is even, then L p — 7T(£+) if and only if 0^/(0^) 2 —> I/2I and the image of (pi equals Bi for every 
If I- 

We also deduce the following weaker theorem, which will be useful later. 

Theorem 3.5. [L p : H (C p )] is a power of 2 if and only if the image of <f>i equals Bi for every l\p — 1, 
1 + 2. 



3.2 Transition from fa to Frobenius elements 

Theorem 13.41 can be reformulated into a question about certain Frobenius elements attached to the <f>i for 
l\p — 1. Given a prime l\p— 1, let K\ = K O^J , where Q denotes a primitive I th root of unity. Then 

Ki is a Galois extension of K(Q), so let G/ = Gal(A";/_ftT(£/)). Since is a Z— module of rank n— 1 with 
(0* ) torg = {±1}, for J ^ 2, |G;| = Z™" 1 and G ^ (Z/ZZ)"- 1 as groups. In contrast, for I = 2, ^f-L G if 2 
but not' in = if; thus G 2 = Gal(if 2 /if (Ca)) = (Z/2Z) n and |G 2 | = 2™. 

The next few lemmas will prove that the fields K\ can be generated over as a G— module K by a 
single unit. The following lemma is proved in Washington [15] . 

Lemma 3.6. J 761 Lemma 5.27] There is a unit e of K such that the set of units {<7i(e)}ILi is multiplica- 
tively independent, hence is such that [0% : Z[G] • e] = N < 00. 

The next lemma proves that for every I j n = |G| (in particular the finitely many l\N that are coprime 
to n), there exists a unit e/ exists such that gcd ([C^- : Z[G] • e/] , Z) = 1. 

Lemma 3.7. If I \n, then there is a unit e/ so that gcd ( [O^- : Z[G] • e/] , Z) = 1. 

Proof. We first show that 0]^ <g) F/ is cyclic as a G— module over Fj. Consider the map — R[G], 
L : 11 4 (log |gi(u)|, log |gr 2 (u) | , ■ ■ ■ , log \g n (u)\). L maps 0\ into the trace zero submodule M[G] tr=0 of 

R[G]. By Dirichlet's unit theorem, after tensoring with R this map becomes an isomorphism 0^-<g)zR L ^f' 
R[G] tr=0 . Since C is flat over R, this gives an isomorphism ® C = C[G] tr=0 . By considering the G x G 
bimodule structure on Q[G], it follows that <S> Q is a direct summand of Q[G] and hence cyclic as a 
Q[G]— module. Since localization is exact, 0^- (& Q; is cyclic as a Q;[G]— module. Since I j |G|, there is an 
equivalence of categories between Q t [G] —modules and F/ [G] —modules, and so 0£ <g> F/ is also cyclic as an 



G 



F/[G] -module. 



Since K <g)Wi is cyclic as a G— module, by Nakayama's lemma the Z(;)— module K ®Zm obtained by 
tensoring O k with the local ring Z(;) is also cyclic as a G— module. Thus there exists a unit ej <E K ®I*m 
such that 0^- <g> Zm = Z(;) [G] • e;. Viewing Z^ C Q, we see ej = zW s for some it € O k and integers r and 
s with / f s. Set e; := w r e O k ; then the G— modules generated by e; and ei coincide in O k ® Z(/). Thus 
after tensoring the short exact sequence 

->• Z[G] 0* -> 0%/Z[G\ -ei^O 

with Z(j), we obtain the exact sequence 

Z[G] ® Z (0 O k ® Z (0 -»• 0^/Z[G] • e ; ® Z (0 -»• 0, 

where the first map is an isomorphism. Thus O k /Z[G] • e; <g> Z(;) = 0. Hence O k /7,[G] • e; is torsion as a 
Z[G]— module and has order coprime to I. □ 

For a unit r] £ O k , let U v be the multiplicative subgroup of O k generated by n as a G— module, 
(7., = Z[G] ■ r,. 

Lemma 3.8. If rj is a unit of K such that gcd([C^ r : U v ~\ , 2) = 1 i/ien 



Proo/. U v C 0* and so 0* • C ^/0*. Conversely, let [O k : £/,,] = r and let a; £ yO K ; notice 

that a; r £ \JTL^ and g O^. Since gcd(r, 2) = 1 there are integers a and b such that 1 = al + br, and 



x = x ai+br = {x l f{x r ) a £0*-{/%. □ 

For a unit 77, set r\i :— g^ (rj) for 1 < i < n. By Lemmas 13.61 and 13.81 we deduce for every prime l\p— 1 
with I \ N, Ki = K((i,^/ei, . . . , ^/in) for e the unit given by Lemma f3T6l If l\N and I \n, by Lemmas 13.71 
and I3.8[ we deduce if; = • • • i f° r e i t ne un it given by Lemma |3. 71 For the finitely many 

l\n, we see that by assumption (Gl) for this section and Lemma [3.81 Ki = Kfa, J/ei^, ■ ■ ■ , ^/e7^~). Thus 
for every I there is a unit e such that Ki = K(Q, -tfei, ■ ■ ■ , -i/^n)- Also, there are only finitely many distinct 
e for all I prime. 

Remark 3.9. For any I, an element r £ G; is uniquely determined by its action on Jfel for 1 < i < n, once a 
particular I th root of unity is chosen. We choose an I th root of unity as follows. Choose a £ Ok a generator 
for the cyclic group (Ok /p) x ■ Given a prime *P of K(Q) lying above p C Ok, *P is completely split in K(Q) 
since Z|p — 1 and p is completely split in K/Q, and so there is an isomorphism (Ok/p) x — (Cif(o)/^P) X 
induced by inclusion. Thus a will also generate (Oku 1 )/^) x ■ Since a^ -1 ^ 1 is not congruent to 1 mod Cp 
but (a^ 1 ^ 1 ) 1 = 1 mod ^P, a^ 1 ^ 1 = £ mod *p for a particular 2" 1 root of unity £ = £/, which we fix 
here. This choice of C gives G; its structure: for any i, (^/el) 1 — e% £ K and x l — a = nt=i( x — Cyfti)- 
Since r maps roots to roots, r must map ^/e7 to C ai \f£i for some aj € F;. Here the unit e the unit which 
exists either by assumption (Gl) if l\n or is the unit given by Lemma 13.61 



Define an action of G on G; as follows. Let £ G and let t £ Gi, say r( N /e7) = C, ai \f^i for every 
1 < i < n. Since G acts transitively and faithfully on itself, there is a unique element of the symmetric 
group Sk £ S n defined by gugi = g Sk {i) f° r every 1 < i < n. The action of G on G; is then given by 

(dk ' T ){\ftj) = C Sfc 1<J) v^i- O ne can check that this is indeed a G action, making G; a G— module. Define 
a G— module map / : G; — > F( [G] as follows. For t £ Gi, say T(-y/e7) = C, ai ^/el for every 1 < i < n, define 
/( T ) = S™=i a i[ffj] £ [^]- This map is an injection of G— modules. 
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Proposition 3.10. If I ^ 2, f gives an isomorphism of G— modules Gi = Bi C F;[G]. If I = 2, then 
Gal{K 2 /K(V-L)) = B 2 . 

Proof. First suppose I ± 2. Notice (flj^i v^)T = (JVq (e)) 2 = 1, so FIILi ^ = C21 € K((i) since 
for I 7^ 2, the field generated by the I th roots of unity is the same field extension as the held generated by the 
21 th roots of unity, and hence n»=i is fixed by elements of Gi . Let c e G;, say cr(^/e7) = C u J/el so that 

Cn \ n n n n 

n ^ = n ^ = n = n = c i+ - +t - n 
i=l / i=l i=l i=l t=l 

This implies ti H \-t n = mod i, and so /(er) = X^ILi € -B;- Hence / is an injective G— modules 

that maps into -B/. Since -B; and Gi both have the same order, the result follows. 

If I = 2, then notice for any a € Gal(K 2 / K (^/ —1)) , ct(J\™—i V^i) ~ ct(V— 1) = v— 1- A similar 
argument to the one above shows Y^i=i U[9i] € #2- Since Gdl{K2/K{\/^ I)) is a group of order 2 n ~ 1 by 
Galois theory, we see that / gives a G— module isomorphism from Gal(K 2 / K (^/ — 1)) to £?2- □ 

Consider the Frobenius element cqj = Ki/K(Q)) g G; attached to a prime of K(Q) lying over 
p for Z|f> — 1. This will be a well defined element of G; (independent of choice of prime ideal Q3|^P in K{) 
since the extension Ki/K(Q) is Abelian. 

Proposition 3.11. The image of e under <j}\ and the image of o~<$ under f coincide in Fj [G]. 

Proof. Let /((Tfp) = so that ov^^/el) = C ai \f^l f° r every 1 < i < n. Let 03 be a prime ideal 

of Ki lying above ty. Since |C A -(d)/ < PI = P< f° r everv cr<p(\/^i) = (\/^i) p m °d 93 by definition 

of the Frobenius element a v . This implies C 0< = (e*) (p ~ 1)/Z mod 03 and in fact C°* = {^) {p ^ 1)/l mod <£. 
Since also a^- 1 )/ 1 = ( mod 93 by choice of C, we deduce (e^" 1 )/' = a^P' 1 ^ 1 mod 03. 

Now we turn to the image of e under 4>i. Say </>z(e) = X)™=i ^[s*]' Then (e) = e, = a di mod p 
for every 1 < i < n, and so (ej)( p_1 " ! = a^^ -1 "' mod p for every 1 < i < n. Since p C $3, 
( e .)(p-i)/i = (di)(p-i)/J mo d<p. Then (ei) (p_1)/! = a ^ 1 )/' mod 93 = a^k -1 ^ mod 93 and so 
ai(p — = (di)(p — l)/l mod p — 1 for every 1 < i < n. Thus aj = dj mod I for every 1 < i < n. We 
conclude Yh=i a i \9i\ = E™=1 d ' [&]• 1=1 

Remark 3.12. If p = 1 mod 4, notice that p is split in the field K (y/— 1) C i^2, and so avp € 
Gal(-K2/-KXv~l)) — -^2 by Proposition 13. 101 Thus the G— module generated by ovp will lie in B 2 , and so 
by Proposition [3JJ] and Theorem 13.41 cr<rt will never generate G 2 as a G— module if |G| is odd. 

A priori there are [K(Q) : Q] primes *P of lying above p since p is split in K/Q and l\p — 1. 

However, for two primes ^3 and ^3' lying above p, crqj and generate subgroups in G; of the same size 
which are conjugate in Gal(if;/Q), and so ovp generates Gi as a G— module if and only if ovp< does. Hence 
the choice of Frobenius element asp £ Gj is independent of <]3|p (and so also independent of choice of p|p), 
and we may choose the Frobenius element of any *}3 lying over p. We deduce that the image of </>; in F; [G] 
is as large as possible if and only if <r<p generates G\ as a G module for any *}3|p. Now combining this with 
Theorem 13.41 and Proposition 13 . 101 we arrive at the following reformulation. 

Theorem 3.13. Let p be a completely split prime in K. 

(a) If p = 3 mod A, L p = ii(£+) if and only if for every l\p— X, the Frobenius element asp of any prime 
*P of K(Q) lying above p generates G/ = G&l(Ki/K(Q)) as a G— module. 

(b) If p = 1 mod 4 and \G\ is even, then L p — H(^p) if and only if / (O^) 2 I/2I and for every 
l\p — 1, I 7^ 2, the Frobenius element trtp of any prime *P of K(Q) lying above p generates Gi as a 
G— module. 
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(c) If p = 1 mod 4 and \G\ is odd, then it will never be the case that L p — 

Using Theorem 13.51 we also deduce the following. 

Theorem 3.14. Let p be a completely split prime in K . [L p : H(^)] is a power of 2 if and only if for 
every l\p — 1, I 7^ 2, the Frobenius element cr<p of any prime of K(Q) lying above p generates Gi as a 
G— module. 



4 Conjectural density 

We can now compute the conjectural density of primes p for which L p = H((+) in the case if is a totally 
real field containing a unit of norm —1 satisfying condition (Gl). Let P 2 denote the probability that a 
random element of G2 = Gal(i^2 / K (C2)) generates G2 as a G— module. Let P 2 denote the density of 
primes p = 1 mod 4 for which 0^/(0^) 2 —> I/2I. Let P 2 = P 2 + P 2 . For any prime I ^ 2, let Pi 
denote the probability that a random element in Gi generates Gi as a G— module. From Chebotarev's 
density theorem, the density of primes p which split completely in K/Q is i. In light of Theorem 13. 131 we 

conjecture that the density of primes p completely split in K for which L p = H(C+) is D = — TT P;. 

' n ±L 

l prime 

The probabilities Pi can be explicitly computed when I \ n or I 7^ 2. When I does not divide n = \G\, 
by Maschke's theorem G/ will be a semisimple module over F; [G], and so there is an isomorphism of F/ [G] 
modules Gi = ®f =1 Vj 3 , where Vj are distinct simple F/ [G] modules. Let dimp, Vj = m,j. For each j, 

^ d 1 / (V n i 1)! \ 

the probability that a random (v., ) £ V, 3 generates all of V 4 3 is - — 3- ( — '—— ) . Then, 

3dj J 3 ° 3 [mjdj - I - dj)\ J 

since V% and Vj are distinct irreducibles if i 7^ j, the probability that a random v £ Gi generates all of Gi is 

d 1 / (l mj — 1)! \ 
Di := - — -T- -r. , — TT ) . The only time a prime p is not counted in the probability Pi is when 

±± jriijdj \ {lmj _ I _ dj)\ I 



3=1 



l\N(ty$) — 1 and am does not generate G/ for any prime Now, l\N(^P) — 1 if and only if is completely 

split in the extension K{Cj/)/K, and so the probability that l\N(^p) — 1 is - — - — r r by Chebotarev's 

[if (0) : K\ 

density theorem. Thus given any I \ n, the probability that a prime *}5 is such that ovp generates G; as 
a G— module is Pi := 1 — \ — ifj^ _ For ^ nc finitely many prime numbers l\n or I — 2, we 

must determine the value of Pi by other means. The conjecture of this paper is that the density of primes 
for which L p = H((+) is equal to D = ± JJ Pi = I [] Pi J] (l - 1 ■ (1 - A)) ■ 

i prime / prime, i|n ( prime, l\n 

Since [if (0) : 7^ 2 — 1 if and only if the prime I ramifies in K/Q, we see that for all but finitely 
many primes I, [K(Q) : if] = I — 1. Hence only finitely many terms of D = -^Yii prime ^ differ from 



: II (i-rbd-A) 



n 1 

l prime 



Remark 4.1. In the case that if is a multiquadratic field of degree n — 2 m over Q containing a unit of 
norm —1, we prove in Theorem 15.61 that if satisfies condition (Gl). I = 2 is the only prime dividing the 
order of G, and for every I 7^ 2, we know Gi = ©"T^Vi, where Vt are distinct irreducible one-dimensional 
G— modules. The formula for Di then simplifies to 

_y r 1 l (Z-l) ! _'f r 1 2-i _ (Z-l)- 1 

1 H/«-2)! 11 I I"- 1 ' 

.7=1 v ; .7=1 
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and so 1 — Di = ^— . We prove in Lemma \5A\ that the density P2 equals \ for all totally real 

multiquadratic fields containing a unit of norm —1. Thus the conjectured density of primes p completely 

1 - (I- I)™" 1 * 



split K for which L p = if(C+) is D = — JJ ( 1 



2n 1J- V TOO : V 



We show that the infinite product J~| 1 — - — - (1 — D{) is nonzero, so the conjectural density D is 



nonzero. 



Proposition 4.2. ]Q 1 - ^ (1 - Dr) is nonzero. 

I prime 

Proof. Since JJ 1 — -(1 — Di) ^ if and only if the corresponding infinite series log( 1 — 

/ prime / prime 

-(1 — Di)) = ^^log(l — -(1 — Di)) is absolutely convergent, we will show instead that the abso- 

1 

lute value of the sum is finite. Since log(l — x) < log(l + x) and by comparison of graphs log(l + x) < x, 
we deduce ^ log(l - ^-(1 - D,)) < ]T y-^-(l-A)- 

I prime I prime 

For any/, (Z - l)™" 1 > Z"- 1 - ^ f . If, and so Z™" 1 - (Z - l)"" 1 < Z"" 1 - Z"" 1 + ^ I " . )l\ 

i=0 V Z / i=o V z / 

"-2 / _ jv 

The leading terms in the numerator of 1 — Di cancel, and I J < (1 + l)™ -1 = 2 n_1 , and so 

E ( • Y ^ E ( • Y~ 2 ^ 2"- 1 ?"- 2 . Hence 

i=0 ^ ' i=0 ^ ' 

The number Co = 2 n_1 is a fixed constant independent of I. Then -(1 — Di) < < 

Co > — r- < 00, and so the series converges. □ 

4.1 Example: Conjectural density in biquadratic fields 

Suppose K is a totally real biquadratic field containing a unit of norm — 1. The conjectural density of all 
primes p for which L p = is 



1 in7i 1 tf- 1 ) 



^ = 1 oil U- T^TTPi l- 



4 2 11 V TOO : V * 3 

Next we compute the conjectural density in a specific example. We show in Example 17.71 that the 
biquadratic field K — Q(\/5, VT3) contains a unit of norm —1 and has Hilbert class field equal to K. We 
know that [K(Q) : K] = I — 1 except for those primes I ramifying in the extension K/Q. In this case, 
only the primes 5 and 13 ramify, and for these primes [if (CO : K] = Thus [if(Cs) : K] = 2 and 
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[K((is) : K] — 6. For small primes I, one can compute: 

1 1 / 2 3 \ 35 1 / 4 3 \ 189 1 / 6 3 \ 1931 



K 1 - 


2 3 \ 
3V " 


12 3 \ 


12713 


13 3 / ~ 


13812' 



P ^=2' P3 = 1 -2 I 1 " 3? =54' P5 = 1 -2 = 250' ^ = 1 ~ 6 1 ~ T 3 " = 2058' and 



Pi 3 = 1 ( 1 ^ I = — : — -. Hence the conjectural density is 

6 V 13 3 / 13812 J J 

1 1 35 189 1931 
^^4-r54'2^-2()58--- = - 0510458 ---- 

This conjectural density is very close to the actual density among the first 30 thousand primes for which 
L p = if(£+) we calculated using a computer. 



5 Multiquadratic fields 

We will now restrict our attention to totally real multiquadratic fields. Throughout this section and the 
next, K will denote a totally real multiquadratic field containing a unit of norm —1 of degree n = 2 m over Q 
and G = G&\(K/Q) ^ (Z/2Z) m , m > 1. Recall there are integers d, > for which K = Q(\/3i, ■ • ■ , V<Q, 
and for all i ^ j, f d,-. Because K is totally real, 0* = Z"" 1 (0^) t0 r S = {±1} © Z"" 1 . We call a 
set of ri — 1 generators for the non-torsion summand of the unit group a system of fundamental units of 
K. In this section we will reinterpret the equivalent conditions to L p = H(^) given in Theorem 13.131 for 
multiquadratic fields. We also prove that K satisfies condition (Gl). 

5.1 Determination of the map ifj at I = 2 

Let H be the Hilbert class field of K, and Cp — Cp + Cp 1 f° r Cp a primitive p th root of unity and p a prime 
split in K. In this section we prove that when p = 1 mod 4, the image of the map tp p cannot have size 
2{p — l) n_1 , and so it is never the case that L p = if(£+). On the other hand, when p = 3 mod 4, we 
prove that the map 4>2 is always surjective. 

The following lemma uses in an essential way the fact that if is a multiquadratic field. 
Lemma 5.1. An element x = X^i^ls 1 *] ^2[G] will generate F2[G] as a G~module if and only if 

Proof. Let x = X)"=i ^iM- First suppose Y]xj = 1 mod 2. Then there are an odd number of nonzero 
coefficients of x. Let , . . . , 3i 2fc+1 be the 2fc + 1 elements of G with nonzero xt . coefficients. Then x ■ x = 

ES'kl-ESt 1 ^] =E?=! 1 E?it 1 k-9n] = (2fc + l)[2i] + 2EE i#t [<V9H] = (2fc + l)M+0= [.gi], 
since we are working in characteristic 2 and every element of G has order 2. Hence x 2 = [gi]. The action 
of G gives us all elements of F2[G] with exactly one nonzero coefficient, and adding these together will 
give us all elements of F2[G] with exactly 2, 3, ... , and n nonzero coefficients. Hence x will generate 
F2[G] as a G— module. If ^Xi = () mod 2, then for any element y in F2[G], the coefficients of x ■ y will 
always sum to zero, and so x cannot generate all of F2[G] as a G— module. □ 

By Proposition ^. 1[ if the image of ip has order 2(p— then there is an isomorphism of F2[G]— modules 
Ok/(Ok) 2 —> I/2I. Also, by Proposition 13.31 since 2 divides the order of the Galois group of a multi- 
quadratic field, we have that I/2I is not isomorphic to F2[G] as G— modules. 

Proposition 5.2. 0* ) 2 = F 2 [G] as G-modules. 
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Proof. Consider the composition 

v\oo 

U l-» (cTviu))^ = ((-l) tv ) v \ao -> y^Jv[cTy] -> ^ tg, 

v\oo v\oo 

where we naturally identify the n real infinite primes v with elements a v of G = Gal(if/Q), and Tr is the 
trace map. This composition is simply the norm map mod squares in additive notation. This map factors 
through Ok/(Ok) 2 , giving a homomorphism of G— modules 0\j{p^) 2 —> F 2 [G]. By assumption there 
is a unit e of K of norm —1, and so the image under the above map of e is 1 6 F 2 . Hence by Lemma 
15.11 the image of e in F 2 [G] generates F 2 [G]. This gives an epimorphism 0^/(0^) 2 — > F 2 [G] onto a free 
module, which is an isomorphism since both / (O^) 2 and F 2 [G] have the same size. □ 

Thus if p = 1 mod 4, since I/2I is not isomorphic to F 2 [G], the map 0^/(0^) 2 -> I/2I cannot 
be an isomorphism of G— modules; hence P 2 — 0. By Proposition 13.11 the image of ip cannot have 
size 2(p — l) n— 1 , and so by Proposition 12.11 it is never the case that L p = We deduce that if 

L p = then p is not equivalent to 1 mod 4, and so p must be equivalent to 3 mod 4. We obtain 

an even stronger result when p = 3 mod 4. 

Proposition 5.3. If p = 3 mod 4, then the map <p 2 is surjective. 

Proof. The image under ip of e in Y\™ =1 (Ok /pi) x can be written (e' mod pi, . . . , e mod p„) = ((.gi(a))* 1 , . . . , (g n (a)) tn ), 

where a is a generator for (0/f/p) x , and so Yl™=i 5i _1 ( e ) = ( e ) = ~1 = n™=i = a ^* i m °d p- 

Since a is a generator for (Ox/p) x , —1 = n" 5 " mod p and so a~^~ = a^ i=1 u mod p. Then = 

ELi *« mod P ~ implying E™=1 = 1 mod 2 since P = 3 mod 4. Thus 4> 2 {e) = J27=i € {x = 

J2 x i9i S F 2 [G]| = !}■ By Lemma T5. 11 we see 2 (e ) will generate F 2 [G] as a G— module, and so 2 

is surjective. □ 

We deduce that if p = 3 mod 4 it is always the case that the Frobenius element ovp of any prime 
of K((i) lying above p generates G 2 = G'a\{K 2 / K(Q 2 )) as a G— module. 



Lemma 5.4. Let K be a multiquadratic field. Then 
l> _ ) \ if K contains a unit of norm — 1 
1 otherwise. 

Proof. For every totally real multiquadratic field K, we have shown that P 2 — 0. Notice p = 3 mod 4 
if and only if a prime ideal above p generates G&\(K (^J — 1)/K(( 2 )) = Gal(K (\/ —I / K)) as a G— module. 
Thus by Proposition 15.31 and Chebotarev's density theorem, we deduce P 2 = \ for all fields K containing 
a unit of norm —1. UK does not contain a unit of norm —1, then the image of lies in B 2 = {x = 
£ [ft] € F 2 [G] |J>i =0}, and so = The result f n ows s i nce P 2 =p' 2 + P^ . □ 



We further conclude that the reformulation in Theorem l3.13l remains valid if we replace K 2 — KU O k ) 

with the simpler field K(y^l). Combining this with the previous results of this section, we can now re- 
state Theorem 13 . 1 31 for multiquadratic fields. 

Theorem 5.5. Let Ki — K(Q, \l O^) ifl^2 is prime and let K 2 = K{y/—X). For a prime p completely 

split in K , L p = if and only if for every l\p— 1, the Frobenius element ovp of any prime *}3 of K(Q) 

lying above p generates G/ = G&l(Ki/ K((i)) as a G— module. 
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Lastly, we prove the condition (Gl) is satisfied for every multiquadratic field K containing a unit of 
norm — 1. 

Theorem 5.6. If e is a unit of norm —1, then gcd ( G% : Z[G] ■ e , 2j = 1. 

Proof. Let M = Z[G] ■ e and N — O^; then the sequence 

— >M — > N — > N/M — ► 
is exact. Since localization and tensor product are right exact functors, the sequence 
M (2) /2M (2) — > N (2) /2N (2) — > (iV/M) (2) /2 (iV/M) (2) — > 



is also exact. Using Proposition 15 . 21 we deduce that the first map is an isomorphism, and so by exactness 
(N/M) {2) /2 (N/M) {2) = 0. By Nakayama's lemma, this implies (N/M),^ = 0. Thus N/M is torsion as 
a Z— module and has order coprime to 2. □ 



5.2 An equivalent condition on Probenius elements for I ^ 2 

Fix a prime 1^2. In this section we will further reformulate the condition on the Frobenius ele- 
ments dtp given in Theorem 13.131 Let Qi, 1 < i < n — 1 denote the n — 1 quadratic subfields of 
K. For each i, let Hi denote the index two subgroup of G corresponding to the fixed field Qi. Then 
Hi = G&\{K/Qi) and Q, = K H \ By Maschke's theorem, since I \ \G\ = 2 m , G, (S^V as 
G— modules, where each Vi is a one dimensional irreducible G-module. Explicitly, since the action of 
an element a e G; on K t — K(Q, ^J/ei, . . . , tfe^) is given by cr(^/efc) = C,i k ^k, we compute that for 

each i, Vi = F/ YlheH- ^ ~ 12g^H- 9 ■ Let 7r^ : G/ — > Vi denote the natural projection map onto the 

irreducible submodule Vi. This map has kernel isomorphic to Mi :— ®jjtiVj = Gal(Ki/ 'Kf Ii ) 1 and so 
u G Gi, 7Tj(cr) = if and only if a £ (Bj^iVj, or equivalently a is the identity on the field Kf [i . Define 
Ui := YlheH M e ) G Qi C if for 1 < i < n — 1, where e is the unit for which Ki = K(Q,^/ei, . . . , -J/eZ) that 
exists by Lemma 13.61 



Lemma 5.7. For every 1 < i < n — 1, — K{Q,^fu~i). 

Proof. From Galois theory [Kf Ii : K(Q)] — I, so the extension is cyclic generated by an I th root. We show 
that ^ful € K l *, so that adjoining it to K(Q) yields a degree I extension of K(Q) in K l * . Since the 
degree of K^ u over K(Q) is /, in fact Kf' h = K(Ci,^m). 

Consider for any i ^ j the containment Hi < HiHj < G. The first containment is proper because 

\H \ \H I 

i ^ j. Since [G : Hi] = 2, we must have HiHj = G. Then \H, C\H 3 \= 1 31 = 2 m ~ 2 , and so for every 
i 7^ j, [Hj : Hi n Hj] = 2, or equivalently exactly half of the elements of Hi are in Hj. Then for any 

o- e Vj = Ft E/iSSi h _ ^ a m 9 d> say °" = a tiZhen t h - E g §*H 4 a)-. we have 



heHinHj heHi\Hj 



Thus every <r £ Vj fixes ^/ttj. Since this holds for all j ^ i, we see that every element in Mi 
fixes , and so Jfui € i^ Mi . 



□ 
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Let <7<p = pp, Ki/K((i)) be the Frobenius element of a completely split prime ideal of if (CO lying 
over p. For each 1 < i < n — 1, let 0j := ^3 PI Cq < (c,); then Hj is a completely split prime of Qi(Ci) that 
*P lies above. 

Lemma 5.8. ovp generates Gi as a G -module if and only if for all 1 < i < n— 1, Frob(Qi, Qi(Ci,\/u~i)/Qi(0)) 
(id). 

Proof. Since G/ = ©"T-^V; as G- modules with Vi irreducible G-modules, cr<p generates Gi as a G- module 
if and only if ^(cvp) 7^ € V; for all 1 < i < n — 1. Thus crtp generates Gi if and only if a<$ does not 
equal the identity map on any of the fields Kf Ii , or equivalently if and only if a<g\ K M i 7^ (id) for all 
1 < i < n — 1. Now, 

o-^m, = pp^/i^o))!^ 

= (%K^/K(Q)) 

= (¥,K(Q,^)/K(Q)) 

by properties of Frobenius elements in towers of fields. Thus <r«p generates G/ as a G-module if and only 
if for every 1 < i < n - 1, K(C,i,^/u) / K(d)) ^ (id). Notice the element u % = Y[ heH . h(e) G = if ff < 
since is fixed by every element of Hi. Then Frob^P, K(Q, ^/u^)/K(Q)) 7^ (id) if and only if the 
Frobenius element Frob(0i, Qi((i, \fu~i) / Q i(C,i)) 7^ (id), since both elements have order a power of I and 
their order differs by at most 2 m_1 = [K : Qi]. Thus ovp generates G; as a G-module if and only if for 
each 1 < i < n- 1, Frob(0», Qi(Q, ^)/Qi(C0) ^ (id). □ 

6 Application of analytic number theory 

Now that we have reformulated the problem and proved that condition (GI) is satisfied for multiquadratic 
fields containing a unit of norm —1, we can prove our conjectures for multiquadratic fields, assuming the 
generalized Riemann hypothesis. 

6.1 Classical argument 

We will adapt techniques given by Hooley [1] in his proof of Artin's conjecture on primitive roots to our 
setting. We fix notation which we will use throughout the rest of this section. 

Notation 6.1. Let I denote a prime number. Let r and k denote positive integers, with k squarefree. 

In what follows we disregard the prime p = 2 since we are only interested in the asymptotic behavior 
of p. Recall K\ = K(Q, /J O y K ) for / 7^ 2 and K% = K(y/— T). For p a prime that splits completely in K, 
let R(p,l) = 1 if l\p — 1 and <7qj does not generate G; = Gal(Li/K((i)) as a G— module for any of 
K(C,i), and otherwise. Define the following for x, 5, 81, S 2 G M. 

N(x,5) = \{p split in K/Q:p< x,R(p,l) = V I < S}\ 



N(x) = N(x, x-l) = \{p split in K/Q : p < x, R(p, l)=Q\Jl<x-l}\ 



P(x, k) = \{p split in K/Q : p < x, R(p, I) = 1 V l\k}\ 



M(x,S 1 ,S 2 ) = \{p split in K/Q : p < x, R(p, I) = 1 3 I G (6 1 , S 2 ]}\ 
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Si = {primes p completely split in K/Q : for any ty\p of K(Q), 
CTqj generates G; as a G — module if l\p — 1, no condition otherwise } 



S = Si = {primes p completely split in K/Q :\/l\p — 1, 
oqj generates Gi as a G module for any ^\p of K (Q)} 

By Theorem 15.51 L p — H(^+) if and only if for all l\p — 1, cr<p generates Gi as a G— module for any 
prime ^\poiK(Qi). Thus 



N(x) = \{p split in K/Q : P <x,L p = H((+)} 
ly split in K/Q : L p = H((+)}. We wish to sho- 
density in the set of all primes. We will do so by investigating the limit as x — > oo of the ratio 



and S = {primes p completely split in K/Q : L p = if (£+)}. We wish to show that the set S has a positive 

N(x) 
x / log X 



By definition, the natural density of the set S is 

5(3) = hm Ifr ^ ■?<*}! = Um m 

x^>oo 7r(x) X— >oo tt{x) 

where tt(x) denotes the number of prime numbers p less than or equal to x. 

Define M = 2n + 3, where n = [K : Q]; note that this only depends on the multiquadratic field K. Let 

1 y/x 

£i(x) = ——logx, &(x) = - — 5—, and &(x) = ^/xlogx. In addition, define M\(x) := M(x, £i(x), &(x)), 
AM log x 

M 2 (x) := M(x, ^(x), ^(x)), and M 3 (x) :— M(x, £ 3 (x), x— 1). As in the argument from Hooley, we deduce 

N(x) = N(x,Ux)) + 0(M(x,^(x),x~ 1)). 

Also, we trivially have 

M(x,^(x),x-1) < M(x, & (x) , ^ (x) ) + M(x, ^ (x) , 6 (x) ) + M{x,&(x),x - 1) 
= Mi(x) + M a (a) +M 3 (ar). 



Lemma 6.2. M 3 (x) = O 



log 2 x 



Proof. If p is counted in M 3 (x), then for some I, x — 1 > I > £ 3 (x), l\p — 1 and for a prime ty\p of 
^(0)j ^ does not generate Gi as a G- module. Since we are interested in the asymptotic behavior 
of x, we may assume that £ 3 (x) is not small, and so I ^ 2. By Lemma [5.81 this implies that for some 
1 < i < n-1, (£li,Qi(Ci,^yUi)/Qi(Cl)) = (id), so£li = ^nO Qi ^ l - ) is a prime of Qi((i) that splits completely 
in Qi((i,,yui), where u t = h(e) G Q, t . Hence uf~ 1)/l - 1 G 0, 4 ; since also ^ P_1)/Z - 1 G Oq i; 

u (p-i)/' _ ^ g p| _. £ or q. a p r j me f q. Thus qi|M- p_1 ^' — 1, and so NS i ((\ i ) — p < 



(ut 1)/l )- Since 

I _: &(x), every p counted in M 3 (x) divides J~[ j^J N^(ul — 1), where r G N. 

r< v2_ »=i 

n-1 

Each p is at least 2, so 2 M3 ^' — IT 1~I I-^q^ - "! — 1)1- Let Ai > max i:9j . |5j(tii)|; notice that since 
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there are only finitely many distinct e for varying Z, there are only finitely many distinct Ui and so A\ 

ra-l 

is finite. For each i, |JV§'(uJ - 1)| < {A\ + l) 2 . Thus JJ |JV§'(«J - 1)| < (AJ + I) 2 *"- 1 ) < Af , where 

i=l 

A 2 > (Ai + I)"" 1 , and A l7 A 2 = 0(1). Hence 

2 m 3 (x)< -Q JJ|JV«'«-1)|< I] A 2- 

i=l r<^2- 

log as log as 

Taking logs, we have 

m 3 ( x) < V jpgC^T) < 2io g (A a) x / Q 

^ log2 " log2 log 2 (x) WW 

log X 

□ 

x log log x 
log 2 a; 



Lemma 6.3. M 2 {x) = O 



Proof. If p is counted in M 2 (x), then there is a prime Zo € (£2(^)5 £3(2;)] such that Zo) = 1, and so p will 
be counted in P(x, Z ). Thus M 2 (x) < ^ P(x, Z). Now, for any Z, P(x, I) < \{p < x : p = 1 mod Z}|, 

*e(6(*),«3(*)] 

and by the Brun-Titchmarsh theorem we deduce M 2 (x) < — — — — — . The bound — — — — — < 

« e «.wre.(.)] (/ - 1)Iog( T) (i-i)iog(f)- 

8x 

— for all Z e (£ 2 (x), f3(x)l implies that 

Z log x 

, , , . x bx v-^ 86x 

2. (f-i)iog(f) - £ Hoi? 

hence M 2 (x) = O I V M . Since 1 < 4^1 for every Z e (6(x), &(*)], Y 7 < 

I logx ^— ' Z / logx logx ^-^ Z 

4x v-^ log Z , , , . / x v-v log Z 

E ~J~' Thus M 2 (x) = O 7T~2~ E 



We can now use a theorem of Mertens to bound this sum. On applying Mertens theorem twice we 
deduce 

E ^ lo sfe(x)) - logfe(x)) + 0(1) = log ( + 0(1). 

Using the definitions of £ 2 (x) and £3(2;) we see 

i^il < 3 log logx + 0(1) =0 (log logx). 

\V(M-<,nc-l,ulo .U,(.r) = r; I * V = /xjogbgx \ □ 
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x fx lot? lo£ X 

Because — 5 — = O I 2 ) > we nave shown 

log x \ log x 



Y(,-.< L( ,-)i+0(. !/,(,■)) ; () ( ^i^S£ X ) , ,*) 



AT(x) = iV(a;,^(a:))+0(M(a:,ei(a:) J i-l)) 

log 
log" 2 a; 

6.2 Completion of proof using the generalized Riemann hypothesis 

Prom (*) we see that to estimate N(x) it remains to estimate both N(x, £i(x)) and Mi(x). As with M2(x), 
we have M\(x) < P(x,l). Also, by the inclusion/exclusion principle we have N(x,£i(x)) — 

*e(£i(aO,£ 2 (x)] 

fi(k)P(x, k), where denotes the Mobius function and U(x) = {k : if /|fc then / < £i(x)}. This 

feet/(x) 

leads us to try to estimate the sum P(x, k) for k a squarefree integer. 



For k a squarefree integer, define 

to be the compositum of the fields Ki for l\k. Then i-T/j is a Galois extension of Q, and for all fc, 

4>(k)— < [Kk ■ Q] < 2n<j)(k)k n ~ 1 , where n = [if : Q] and </>(fc) denotes the Euler phi function. Define 

c?fe := |diac(iffc/Q)|. The following technical lemma will be useful for our estimate of P(x,k). The proof 
can be found in Roskam j!4j . 

Lemma 6.4. \H\ Prop. 13] There is a constant K\, depending on e, such that for all k > 1 and all subfields 
F Q Kk we have loge^ ^ < Kilogk, where dp/q is the absolute value of the discriminant of F/Q. 

To estimate the sum P(x, k) we will use the following conditional result originally due to Lagarias- 
Odlyzko [9] and found in [14] . 

Theorem 6.5. Let F/Q be a Galois extension with Galois group G, let C be a union of conjugacy classes 
of G, and denote the absolute value of the discriminant of F by dp. Define 

tt c {x) = I {p < x unramified in F/Q : (p, F/Q) CC}|. 

Then the generalized Riemann hypothesis (abbreviated GRH) implies that there is an absolute constant K2 
such that for all x > 2 the following inequality holds: 

kc(z) - &Mx)\ < K2 |c|v^(iog4 /[F:Q1 + iogx) ) 

with Li(x) — J 2 °° -j^-j the logarithmic integral. 

We will apply this theorem to two different sets of fields to finish the proof. First we use this theorem 
to estimate the sum Mi(x). 



Lemma 6.6. Mi (a;) = O 



log x 
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Proof. We have shown that M\{x) < P(x,l). Again since I > £i(x) we may assume that 

I 2. A prime p contributes to the sum P(x, I) if and only if p is a prime split in K with p < x and 
R(p,l) = 1; that is, l\p — 1 and avp does not generate Gi as a G— module for any 9(S\p. By Lemma 15.81 
there is an i, 1 < i < n — 1 such that (£}», Qi(Cu'\/Ui)/Qi(Cl)) — (id), where £jj is a prime of Qj(0) lying 
above p. Notice Z) = 1 if and only if p splits completely in the extension Fi t = K(Q, J/u~j)/Q for some 
1 < i < n — 1. Hence a prime p contributes to the sum P(x, I) if and only if p < x is split completely in 
FiJQ for some i, 1 < i < n — 1. We deduce 

Mi(i) < P(x, Z) < | {p < x : p splits in FiJQ} \. 

ie(Si(x),£ 2 (x)] ;e(£i(a0,«2(z)] 1=1 

Because the field extensions FiJQ are Galois, we can apply Theorem 16.51 to these fields FiJQ with 
C = Ci i the completely split conjugacy class in order to estimate \{p < x : p splits in FiJQ} |. For 
any I and any 1 < i < n — 1, let C = Ci t = (id); then irc(x) = | {p < x : (p,FiJQ) = (id)} \ — 
| {p < x : p splits in FiJQ} |. By Theorem 10.51 the GRH implies that there is an absolute constant 
«2 such that for all x > 2, 



nc[x) ~W7Q] Ll{x) 



< k 2 Jx (logdy [F:Q] + \ogx 



In addition, since Fi ( C K\ for every i and I, by Lemma 16.41 dp^'^ < KilogZ, and so \ttc(x) 

j—^-—rLi(x)\ — O (Jxlog(lx)) for every I and i. Thus 
L ^ ■ 

/ i _ 

Mi(x)< £ E fF-^T^)+0(^logGx)) 

Now, [i 7 / i : Q] = nZ(Z — 1) for all but finitely many Z, and we may assume > Z for the finite number 

1 2 

of these Z. Since nZ(Z — 1) > inZ 2 for all I, we deduce 7 — < — — for all Z > £i(x). Hence 

[F h : Q\ nV 

Mi (as) < Li(x)(n - 1) ^ ~n + ( n ~ ^ Yl O (y/xlog(lx)) 

i>ii(x) n ie(^(x).^ 2 (x)] 

= Li(x)(n-1) J2 ~^p + °\^ logx E 1 

00 2 2 / £ (x) 

—~dx= , and the latter sum is O — — 

<i(x) V log 42 (a; J 



The former sum is bounded above by / — ^dx — - - - , and the latter sum is O , sz ; / . by the 



Prime Number Theorem. Thus 



= O 



\ogx £i(x)J \ \og(&(x)) 

log a; 





+ o( 


(log 2 (x)) 





Tog 2 a; log 6 (») 

using the definitions of £i(x) and ^2(2:). Lastly, log a; < 41og(^2(x)), and so 

o ( — X 2^\ = o ( * ■ 1 

Vlog 2 a; log^ 2 (x)y \log 2 a; 
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Hence MUx) = O — 5 )+0[ — 5 =0 — 5 . □ 

U ^ Ug 2 (z)/ \log 2 (x)J \\og 2 (x)J 

Next we will apply Theorem 16.51 to the fields F = K k to estimate the sum P(x,k). To this end, let 
C k denote the union of conjugacy classes in Gal(K k / 



C k = (J {a e Gal(X fe /Q) : a\ K = (id), £r| Q(Ci) = (id) and 

<j\ki docs not generate Gi as a G — module for all l\k} . 
Then by definition 7rc fc (a;) = P(x,k). By Theorem 16.51 the GRH implies that 

\ P ( X >Q ~ TV^M X ^ ^ «2|C fc |v^(log4 /[F:Q] +logx). 
This, combined with Lemma 16.41 shows 

\P(x,k)- ™ Li(x)\ < K 2 \C k \V^(Kilagk + logx) 
l-K-k ■ 

= O (\C k \^\og(kx)) 

Hence P{x, k) = U{x) + O (|C fc |>/ilog(fcc)) . (**) 

We use this estimate to estimate the sum iV(x, £i(x)). 
Lemma 6.7. N(x,^(x)) = V ff 1 ^ 1 - - + O f — %— 

Proof. We have that N(x,£i(x)) = ^ fi(k)P(x,k), where f7(x) = {fc : if l\k then Z < £i(x)}. Using 

feec/(x) 

equation (**) for P(x,k) we deduce 



N(x,^(x)) = ^ 
keu(x) 



:< '■ Li[x) + 0(\C k \sfx~\og{x)) 



[K k : 



= E wr^ Ll{x)+ E o (ic fe |viiog(x)) 

Notice that by choice of M, = < -. Also notice that if k £ U(x), then k < x 1 ^ 1 . For every 

M 2n + 3 2 w> - j 

k we have the obvious inequality \C k \ < [K k : Q) < 2n<f>(k)k n ~ 1 < 2nk n , and so 

N(x,^(x))- £ tP^^*) - E 0(|C fc |^log(x)) 

feet/(x) ^ k k eu(x) 

< 0(k n y/^l0gx) 

k<X^ M 



o 



(xVM x n/M^ logx l+l/M\ 



4ji + 5 \ fX 

O (x^^+e log.x = O 



fog 2 £ 
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since log 3 x = O (x 4n + 6 ) implies x 4 ™+ 6 logx = O ( — 5 — )■ Thus we have shown N(x, £1 (x)) = "S^ — ^jLi(x)- 
V 7 Vlog xj , ±^ , : QJ 



^(fc)|Cfc| 

Vlog 2 x) 

It remains to show that the sum > —7 approaches a limit as x — > 00. 

Lemma 6.8. lim V ^ = V ^ < 00. 

Proof. Since k < £i(cc) implies A; € U(x), we know that if k ^ U(x), then it must be that fe > £,i(x). Thus 



< 



\K k 



> ^ —-^ — , and so we can prove both that 

1 2™- 1 



the sums are equal and finite in the same step. Let f > S > 0. For all k squareffee, — — < 

[K k : QJ 4>(k)k n 1 

andso E E K £r' By Lemma M|^|=n i|fc IQ|. In the proof of 

Proposition S21 we proved |C/| < 2(™- 1 )f 1 - 2 for every I prime, and so \C k \ = JJ|Q| < 2 ( "- 1) Z™- 2 . 
Thus 

v 1^(^)11^12— 1 v |M(fc)in i | fc 2"- 1 /"- 2 2"- 1 



<j)(k)k n - 1 ~ ^ s ^(fc)fc™- 1 

k>^(x) Yy ' k>£ x (x) Yy ' 



E 



iM(fc)in ; | fc 2 2 - 2 

<f>(k)k 



We next show that there is a tt(6) such that for all k squarefree, — — < , , or equivalently 

<p(k)k k l 6 

n^2 2 "- 2 w( g) 

</>(fc) - A; 1 " 5 ' 

First note that for all Z > (2 2n - 1 ) 1 /<5 =: R l« > 2", and so l-l > U > 2 2n - 2 l 1 - 5 . Hence -;— , > 

~ 2 I 1 - 8 I - 1 

for I > R. Define k(5) = 2 {2n - 2)R J| I 1 - 5 ; then for all fc squarefree, 



KR 



ri/|fe2 2 "- 2 t-,-2 2 "- 2 „ -n- 2 2 "- 2 -n- 1 
0(fc) 



i|fc l\k,l<B, l\k,l>R 



lis v > 11 k 1 - 6 ' 

l\k 1<R l\k 

Since jj,(k) = for all k which are not squarefree, ^(Affcjfc" -1 — ~ K ^ E/ k 2 ~ s ' ^ ^ ^ > 



0, the sum fci^ converges, so we conclude 



20 



x - y(k)\C k \ v^ Mfcjlgfcj , n 



a;— >-oo 

fe€t7(:c) 



* : Q] £j * = 
Combining Lemmas 16.61 and 16.71 with the equation (*), we arrive at 

iVfx) °° ^/(/t)|C I 

Dividing through by x/ log x, taking a limit as x — > oo and applying Lemma lBTSl we conclude lim — r- = > -r— — ■=-=- 

z->oo x/ logx J [K k : QJ 

00 7, \ I y^Y I 

We have thus proven the natural density of the set S is > — -. 

00 fZ-A I I 

Let c = > t —7 . It remains to show that c ^ to conclude that the number of primes counted 

by N(x) is infinite. First notice that K 2 PI Ki = K for all I 7^ 2, and so 

= 1 A _ \c 2 \ \ v Mfc)|c fc | = 1 v ti{k)\c k \ 

C [K:Q}{ [K 2 :K]) ^ A [K k :K] 2 ^ [A fe : Q] ' 
Using Theorem 13.141 we conclude 2c = VJ T^^^j is the density of primes p completely split in if for 

odd ^ k ' ^ 

which the index [L p : H((+)] is a power of 2. Let E 1 denote the genus field of K, and define d to be the 
density of primes p completely split in E for which [L p : H )] is a power of 2. Since every prime that 
splits in E is already split in K, we deduce d < 2c. We show d > to conclude that c > 0. 

Define £7/. as the compositum E k = E ■ K k for k odd and squarefree. Let A denote the discriminant 

of. 



Lemma 6.9. Let r and s denote squarefree odd integers with gcd(r, s) = 1. 

(a) E r n E s = E. 

(b) The largest Abelian extension of Q contained in K r is K(£ r ). 

(c) 7/gcd(r, A) = I, then K r C\K s = K. 

Proof, (a): Notice that the field extensions K k /K and E k /E are ramified only at primes lying above 
primes l\k. Therefore since gcd(r, s) = 1, the extension E r n E s /E is unramified. Since the extension 
E/K is unramified, also E r n E s /K is unramified. We show i? r n E s /Q is Abelian; this implies E r n 
is contained in the genus field of K, which is E, and so E r D E s = E. Notice E r n is a subfield of both 
E r (Crs) and E s (( rs ), and so E r C\ E s C E r (£ rs ) n E s (l^ rs ). The extension E r (( rs ) of E(( rs ) is obtained by 
adjoining r t/l roots, and so its degree is power of r; likewise [iS s (Crs) : -E(Crs)] is a power of s. Thus, since 
gcd(r, s) = 1, E r (( rs ) n £7 a (Cra) = E(( rs ). Thus £ r n E s C and so E r n £ s is Abelian over Q. 

(6): The sequence 

1 Gal(iC r /if(Cr)) — ► Gal(iT r /Q) — ► Gal(iT(C r )/Q) 1 

given by restriction is exact, and so Gal(K r /Q) = Gal(K (Cr)/Q) * Gal(A r /A(£ r )). Since r is odd, no 
extension of K(( r ) in A r is Abelian. Since Gal(K (Cr)/Q) is Abelian, we deduce 

Gal(A' r /Q) afc = Gal(A(C r )/Q) x (id) * Gal(A(C r 
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and so if (£ r ) is the largest Abelian extension of Q in if r . 

(c): Now suppose gcd(r, A) = 1. Then for a prime l\r, if is unramificd at I and Q(( r ) is totally 
ramified at I, and so K(( r ) — KQ(( r ) is totally ramified over if. Thus the extension if (£ r ) n E is both 
totally ramified and unramified over if, and so if (£ r ) C\ E = K . Now, if,, n if s C iJ r n _E S , so if r n K s 
is both Abelian over Q and contained in E by (a). By (6), this implies that K r n if s C K(( r ). Hence 

if r n K s c s n if (c,.) = if, so A r n k s = if. □ 

Lemma 6.10. \C rs \ = \C r \\C s \ i/gcd(r,s) = 1. 

Proof. It is enough to prove this for r, s prime numbers not equal to 2. We show the map C rs — > G r x G s , 
o~ H> {cr\K r ,o-\K s ) is a bijection of sets. It is clearly an injection since K rs = K r K s . To see the map is a 
surjection, suppose (p, a) € G r x C s . if r n if s C i? r n i? a , so by Lemma \G. 91 K r n A s is Abelian over Q 
and contained in if(Cr) H if (Cs)- By assumption /? = (id) on if (£ r ) and cr = (id) on if (£ s ), and so p and 
a agree and are the identity on if r n K s . Hence there is a map r : Kk — > Kk in C rs mapping to (p, a). 
Thus the map is a bijection and |C rs | = |C r ||C s |. □ 

Lemma 6.11. The genus field E of K is a multiquadratic field. 

Proof. Since the genus field E is Abelian over Q, we prove E is multiquadratic field by showing that every 
cyclic quotient of Gal(i?/Q) of prime power order is of order 2. Let Gal(£J/Q) -» r Ljl n % for some prime 
I and some n > 1. By Galois theory, there is a subfield R of E with Gal(i?/Q) = Z/Z™Z. Notice at least 
one prime must be totally ramified in i?/Q: to see this, suppose not. Then the inertia group of every 
prime is proper in Gal(i?/Q), and so is a subgroup of H, the unique subgroup of Gal(i?/Q) of order P — 1 . 
The fixed field R H of H is then a field extension of degree I over Q that is unramified at every prime, a 
contradiction since there are no proper extensions of Q unramified at every prime. 

Let p be a prime that is totally ramified in R/Q. Then the ramification index e p (R/Q) equals [R : Q]. 
Since ramification indices are multiplicative, e p (if/Q) < 2 and the extension E/K is unramified at every 
prime, we deduce e p (R/Q) < e p (E/Q) < 2. Hence it must be that e p (R/Q) = 2 = [R : Q}. □ 



For any k odd, let C' k denote the union of conjugacy classes in Gal(Ek/ 

C 'k = U i a e Gal (^fc/Q) : °\e = (id),a\ m) = {id) and 
o-\k, does not generate Gi as a G — module for all Z|fc} . 

p(k)\C I 

Using Lemma 16.111 we deduce from a symmetric argument to the one provided that d = -= 

fc odd ^ fe ' ^ 



Lemma 6.12. For all k odd, \C k \ = \C' k \. 
Proof. We have the following diagram. 

1 _ Gal(if fe /if (C fe )) Gal(A fe /A) Gal(if (Ck)/K ) 



1 ^ Gal(E k /E(C k )) Gal(E k /E) Gsl(E(C k )/E) 1 

Since E/K is unramified, Gal(E(^ k )/E) = Gal(if (Cfe)/if , and for any l\k, an element of Gal(iffc/AT) 
that is the identity on E generates G/ as a G— module if and only if its image in Gal(E k /E) also generates 
Gi as a G— module. The result follows. □ 
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By Lemmas 16.91 and 16.101 we deduce d is completely multiplicative. Combining this with Lemma T6.12[ 
we have 



where tk ^ is a correction factor for those primes ramifying in K/Q. This product is nonzero by 
Proposition 14.21 Thus d > 0, so c > and the number of primes counted by N(x) is infinite. We deduce 
S has a positive density in the set of all primes. Combining this with Proposition ^. 3[ we have proven the 
following theorem. 

Theorem 6.13. Let K be a totally real multiquadratic field, let H be the Hilbert class field of K and £ p 
denotes a primitive p th root of unity. Then the generalized Riemann hypothesis implies that there is a 
positive density of primes of K for which L p — H((^ p + CjT 1 ) if and only if K contains a unit of norm — 1. 

Since also \K[ff) : K] = I — 1 for all I \ A, we also conclude by Lemma 1631 that the density of S equals 



where the last product is restricted to primes I \ 2A. 

7 Determination of multiquadratic fields with units of norm — 1 

In this section we determine which totally real multiquadratic fields contain a unit of norm —1. We begin 
with a formula which will be used throughout this section. Kuroda's class number formula for multi- 
quadratic fields, see [5] or |15j . will be used to compute class numbers of multiquadratic fields. 

Theorem 7.1. (Kuroda's class number formula) Let K denote a totally real multiquadratic field 
with |Gal(_ftT/Q)| — n = 2 m . Let Qi, i = 1, ...,n— 1 denote the n — 1 distinct quadratic subfields of K. 
Let hi denote the class number of Qi, and let Oq. be the unit group of Qi. Let v — m(2 m_1 — 1), and let 
h denote the class number of K. Then 



The next proposition will be crucial in what follows. 

Proposition 7.2. If K is a number field containing a unit of norm —1, then every subfield F of K also 
contains a unit of norm — 1 . 






i=i j i=i 
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Proof. Let u £ O k be a unit such that NqU = — 1, and let F be a subfield of K. Then x = NpU is an 
element of F, and NqX — NqNpU = NqU = — 1. Hence F contains a unit x of norm — 1. □ 

From this proposition, we see that if a number field K contains a subfield F with no unit of norm — 1, 
then K will also have no unit of norm — 1. This leads us to consider studying multiquadratic fields by 
examining their subficlds, which are still multiquadratic fields. 

7.1 Quadratic and biquadratic fields 

Let K — Q(y/d) for a squarefree integer d > 0. Then Gal(K/Q) = Z/2Z, and the non-identity element 
of the Galois group, say a, is given by o~(\fd) = —\[d. The norm of an element (3 6 K is then simply 
Nq f3 = j3a(/3). O k = {±e*} t£Z = Z/2Z© Z, where e is the fundamental unit of K that is greater than 1. 
K will have a unit of norm —1 if and only if the fundamental unit e of K is of norm — 1, since e generates 
all of the units of K up to sign. 

If d = 3 mod 4, Ok — %[V~d], and a unit u of Ok is of the form u = a + &v« for some a, & € Z. Thus 
if contains a unit of norm —1 if and only if the negative Pell equation x 2 — y 2 d = — 1 has a solution. 
Since the equation x 2 — y 2 d = — 1 mod 4 has no solutions when d = 3 mod 4, K has no unit of norm 
— 1 when d = 3 mod 4. When c? = 1,2 mod 4, X may or may not have a unit of norm — 1. Since 
x 2 — y 2 d = —1 mod p has no solution if p\d is prime and p = 3 mod 4, we further deduce that if K 
contains a unit of norm —1, then all prime divisors of d are either 2 or equivalent to 1 mod 4. There are 
infinite classes of real quadratic fields K — Q(y/d) having units of norm —1 when d = 1 mod 4 given in 
the next proposition. The proof to (a) is outlined in the exercises of Chapter 17 of Ireland and Rosen [5], 
and the proof of (b) is similar. 

Proposition 7.3. (a) When p = 1 mod 4 is prime, Q(-v/p) contains a unit of norm — 1. 

f&j If p,q = 1 mod 4 are primes such that the Legendre symbol {^j — — 1, t/ien Q(^/p?) contains a 
unit of norm — 1 . 

A totally real biquadratic field is a degree 4 extension of Q with Gal(if/Q) = (Z/2Z) 2 . There are 
positive integers m and n such that if = Q(y/m, y/n). K has three quadratic subfields, Q\ = Q(y/m), 
Qi = QGv/h)' an d Q3 = Q(\/ mn )i which have fundamental units ei, 62 and £3, respectively. O k has rank 
3 as a Z— module. n<=i ^Qi — Dut m general, it is not the case that O^- = n«=i > or equivalently 
that a system of fundamental units of K is given by {ei, £2, £3}. However, the structure of the unit group 
of a totally real biquadratic field has been extensively studied, and in [5] (see also [TT], [H]), Kubota 
completely classified the possible structures into one of seven types. We use this work to determine which 
biquadratic fields have a unit of norm — 1. 

Kubota's work proves that if each quadratic subfield of K has a unit x% E Qi of norm N3*Xi = — 1, 
then a system of fundamental units of K must be of one of the two forms {ei, €2, £3} or {ei, £2, - v /£i£2£3}- 
The latter occurs if and only if the element z — ^/eleiei lies in K, and z will be a unit of K of norm — 1, 
as desired. 

Proposition 7.4. Suppose S — {£i,£2,£3} is a system of fundamental units for K, where each is the 
fundamental unit of the quadratic subfield Qi. Then every unit of K has norm +1. 

Proof. Let u € O k . Then since S is a system of fundamental units for K, we know u = iej'-e^ef 3 for 
some integers a*. Hence 
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3 3 

<(«) = U^gei)- =*[[(Ng< 

i=l i=l 
3 3 

= n( jv Q < ( c *) 2 ) o< =n(( ±i ) 2 ) o4 = i 

i=l i=l 

because € Q,*. □ 

Corollary 7.5. If K is a totally real biquadratic field containing a unit of norm —1, then a system of 
fundamental units of K is {ei, £2> y/ ti^t-z} , where each ti is the fundamental unit of the quadratic subfield 

Qi. 

As in the quadratic case, there is an infinite class of totally real biquadratic number fields that have 
units of norm —1. The next proposition is referenced in [5] and the proof is omitted. 

Proposition 7.6. Ifp,q = 1 mod 4 are distinct primes with = —1, then K = Q(^/p, y/q) contains 
a unit of norm — 1. 

Example 7.7. Consider the field K = Q(%/5, \/l3). Since 5 and 13 are both primes of the form Ak + 1 
and (y^) = —1, by the previous proposition K contains an element of norm -1. Also, both Q(\/5) and 
Q(\/l3) have class number 1, and Q(\/65) has class number 2, so bv !7.1l we can compute that K has class 
number 1; hence H = K. 



7.2 Triquadratic fields 



In this section, let L denote a totally real triquadratic field. Then there exist integers m, n, and d so 
that L = Q(y/m, y/n, y/d) and Gal(L/Q) = (Z/2Z) 3 . From previous work, we may expect fields of the 

form Q(-y/pT, y/pl, y/pz) with each pi = 1 mod 4 and (^^j = — 1 f° r * 7^ 3 to contain units of norm — 1. 

However, inspecting some examples we find that Q(v5, vl3, v37) contains a unit of norm —1 but has 
class number is 2, while Q(Vo, vT3, v97) has class number 1 but contains no unit of norm — 1. This is 
not an accident. 

Theorem 7.8. If L is a totally real triquadratic field with odd class number, then every unit of L has 
norm +1. 

Proof. Assume to the contrary that L is a totally real triquadratic field with odd class number which 
contains a unit of norm — 1 . By Proposition 17.21 each of the seven biquadratic subfields Bj of L also 
contains a unit u with NqU = — 1. Hence by Corollary 17.51 Bj must have a system of fundamental units 
given by {ei, £2, V ei£ 2 e 3}' wnere £i , £2 , and £3 are the fundamental units in each of the three quadratic 
subfields of Bj. Then the seven elements aj — y/e r e s et lie in Og. C (D£ for the appropriate choice of 

numbers r,s, and t. We compute that the ctj € O y L / (O^) 2 generate a rank 4 module over Z/2Z, and so 

ot/ioif : nL^/oiL^) 2 ] > 2 4 - 

Since L is totally real of degree 2 3 , 3(2 2 - 1) = 9 and so O yields \C L \ = ^ ■ 0£ : ULi°q, ' 
li=i hi- By definition JlJ^i ^ s generated as a Z— module by ±1 and the e r . Since of G E[j=i ^Qi' 

Combining with the previous inequality, we 



deduce 



> 2 4 . 
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We use this inequality in combination with the class number formula to obtain a contradiction to the 
assumption that L contains a unit of norm — 1. Q(\/m, yfn) is contained in the genus field of Q(^mn), 
and so Q( v / ro, y/n) is contained in the Hilbert class field of Q(^mn). Hence the class number of Q(y/mn) 
is divisible by 2. Similarly Q(V md) and Q(Vnd) each have class number divisible by 2, and Q(V mnd) 
has class number divisible by 4. Thus Y\i=i /i» > 1 • 1 • 1 • 2 • 2 • 2 • 4 = 2 5 . 17.11 now reads 



•n^>^-2 4 -2 5 =i. 



1=1 



^:nJ=iOS 4 l. Forany/3eO*, 



Since the class number of L is odd, 4 is the highest power of 2 dividing 

^ = € IlLiO^, and so 0*/(0*) 4 , a group of order 2 15 , surjects onto O^/ULi 

Thus 0* : nLi 0% = 2 4 , and so the on generate all of the elements of O* not in FjLi °q 
O 



Qi ' 
Hence 



< y - nl=i ®b ■ Symmetric to the proof of Proposition 17.41 this last assertion implies there is no unit of 
L of norm —1, contradicting our assumption. □ 

This theorem implies that for a triquadratic field L with odd class number, the structure of the ray 
class field of conductor pOh remains unknown. We also deduce that for any triquadratic field L, either L 
has even class number or L has no unit of norm — 1. Thus for any triquadratic field L, it will never be 
the case that L p = £(C)~) for infinitely many primes p completely split in L. 



7.3 Higher degree multiquadratic fields 

We can use results of the previous section to obtain results on the existence of units of norm —1 for 
more general totally real multiquadratic fields by induction. Let K = Q(^/dx, . . . , \/d m ) be a totally real 
multiquadratic number field which is Galois over Q of degree [K : Q] = n = 2 m . 

Theorem 7.9. If K = Q(^/di, . . . , \/d m ) is a multiquadratic field of degree n = 2 rn , m > 3 and the class 
number of K is odd, then K contains no unit of norm — 1. 

Proof. Let K be as given. Assume to the contrary that K contained a unit of norm —1; then all the prime 
divisors of the various di are either 2 or congruent to 1 mod 4. We proceed in several steps. 

Lemma 7.10. If K has odd class number, then in fact each di = pi is a prime number withpi = 1 mod 4 
for each i, except possibly d\ =1. 

Proof. Let p% , . . . , p s denote all of the prime factors of the various di , with p\ — 2 or an odd prime 
congruent to 1 mod 4, and all other p^ = 1 mod 4. Since by assumption di \ dj if i ^ j, we know 
s > m, with equality holding if and only if each dj = pi is a prime number. Now, if s > m, then the field 
F = Q(VPi' • • • > VPs) i s a proper field extension of K of degree 2 s contained in the genus field E of K. 
Hence F C H, the Hilbert class field of K, and so 2| \Ck\- This is impossible by assumption, so it must 
be that s = m and each di — pi is a prime number, as claimed. □ 

Next we prove the following lemma relating class numbers of totally ramified extensions, which we will 
prove in a more general setting. 

Lemma 7.11. If F C L is a totally ramified extension of totally real Galois number fields, then the class 
number of F divides the class number of L. 
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Proof. Let H denote the Hilbert class field of F and Cf denote the class group of F, so [H : F] = \Cf\- 
A prime po of F that is totally ramified in L is both totally ramified and unramified in L fl H, so it 
must be that F = L n H. Let Hl denote the Hilbert class field of L and Cl denote the class group 
of L. We show HL is an extension of L unramified at all primes, so that HL C Hl. First, HL/L is 
unramified at the infinite primes since F, H, and L are all totally real. Since HDL = F, by Galois theory 
we have an isomorphism Gal(H L / L) = G&\(H/H D L) = Gal(H/F) given by restriction of an element 
fj : HL —> HL to <t\h '■ H — »• H. Then for any p prime in F and prime in L with ^3|p, the Frobenius 
element at the prime *p, (^ji,HL/L) maps to the restriction {^ : HL/L)\h — (p,H/F) by properties of 
Frobenius elements. Since H/F is unramified, every (p, H/F) is well defined, and so each prime of L is 
unramified in HL/L. Thus HL/L is unramified at all finite and infinite primes, so that HL C H^. Then 
\C L \ = [H L : L] = [H L : HL] [HL : L] = [H L : HL] [H : F] = [H L : HL]\C F \, and so \C F \ divides \C L \. □ 

We proceed with the proof of Theorem 17.91 by induction on m, where [K : Q] — 2 m . We claim that 
for all 771 > 3, if the class number of K, a multiquadratic field of degree 2 m is odd, then K has no unit of 
norm —1. The base case, m = 3, is the triquadratic case, which was proven in the previous section. Now 
assume the induction hypothesis, so if L is any multiquadratic field of degree 2* with t <m and odd class 
number, then L has no unit of norm —1. Consider a multiquadratic field K with odd class number. From 
the first lemma we know K must be of the form K = Q(^/pi, ■ ■ ■ , ^Jp m ) , where each pi is a prime number. 
Let K m -\ = Q(y/pi, . . . , y/Pm-i) C K, which is a multiquadratic field of degree 2 m ~ 1 . Then K/K m -\ is 
a degree 2 extension of fields that is totally ramified at primes of i*T m -i lying above p m . From the second 
lemma, we know the class number of K m -i divides the class number of K. Since the class number of K is 
odd, this implies the class number of K m -\ must also be odd. Hence by the inductive hypothesis K m -\ 
contains no unit of norm —1, and so K contains no unit of norm —1 by Proposition 17.21 □ 

Corollary 7.12. If K is a multiquadratic field of degree 2 m , m > 3 such that the class number of K is 
1, then K contains no unit of norm — 1. 

This shows that for general multiquadratic fields K of degree 2 m , m > 3 with class number 1, it is 
never the case that L p = K(£+) for infinitely many p split in K . It has already been shown by A. Frolich 
[3] that if to > 5 then K has class number > 1 , which gives an alternate argument for why it will never 
be true that L p = K((+) for infinitely many p split in K . We have proven this for m — 3, 4 as well. 

7.4 Conjectures for multiquadratic fields of class number 1 

We now determine which multiquadratic fields have infinitely many primes p for which L p — K(Q^), 
assuming the generalized Riemann hypothesis. Let K be a totally real multiquadratic field over Q with 
G = Gal(-fT/Q) = (Z/2Z) m for some m > 1, and suppose the class number of if is 1 (so that in particular 
K equals its Hilbert class field and its genus field) and K contains a unit of norm —1. If to > 3, we have 
proven that K can have no unit of norm —1 since K has odd class number. Thus to < 2. 

If to = 1, then K = Q(^/d) for some d > 0, and d = 1, 2 mod 4 and K has fundamental unit of norm 
— 1. This implies that the genus field, K in this case, equals the extended genus field. The genus field 
is of degree 2* _1 over K, where t denotes the number of distinct prime divisors of d. Thus it must be 
that t — 1 and K = Q(y/p) where p = 2 or p = 1 mod 4 is a prime. By Theorem I6.13[ the generalized 
Riemann hypothesis implies that for each of these fields K, there are infinitely many p split in K for which 
L p = K{C, p ). It is an open conjecture dating back to Gauss that there are infinitely many real quadratic 
fields of class number 1, and so this set is only conjecturally infinite. 

If to = 2, then K — Q(\ // d^i, y/ch) for positive integers d\, di with di \ dj. K contains the three 
quadratic subfields Qi = Q(y/di), Q2 = QiVch), and Q3 — Q(%/c?id2). Let hi denote the class number 
of Qi, and let ti denote the fundamental unit of Qi. We have shown in Corollary 17.51 that a system of 
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fundamental units of K is {ei, £2, -^£16263}, and so 0\ : ]~Ii=i Oq. = 2. The class number formula 17711 
in the biquadratic case now reads 



1 = |C*I = 22 



hih 2 h 3 = — ■ 2 • hih 2 h z . 



K is contained in the genus field of K% so /13 > 2; this implies h\ = = 1 and = 2. By the previous 
case m = 1, we know this is only true if K = Q(v/p, y 7 ?) where p, g are distinct prime numbers with 
p,q= 1 mod 4, or p = 2. Now, in [7J, Kucera determines relations between the parity of the class number 
of biquadratic fields of this type and the class numbers and fundamental unit norms of its quadratic 
subfields. Kucera's results imply that in cither case the Legendre symbol (^j = — 1. We conjecture for 

each of these fields K, L p = K(£p) for infinitely many p completely split in K. Again, this set is only 
conjecturally infinite. 
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